Abstract. We extend the result of Bondal and Orlov on reconstruction of a variety from its derived category to the case when one of the varieties involved is Gorenstein and Fano or of general type and the other possesses enough locally-free coherent sheaves.
Introduction
In this note, we extend the reconstruction result of Bondal and Orlov to the case where one of the varieties is projective and Gorenstein with ample or anti-ample canonical bundle and the other variety has enough locally-free coherent sheaves. To do this we refocus the attention from the bounded derived category of coherent sheaves to the unbounded derived category of quasi-coherent sheaves, its subcategory of compact objects, otherwise known as the perfect derived category, and its locally-finite dual, which is the bounded derived category of coherent sheaves. We also appropriately modify the notions of point and invertible objects. For the sake of completeness, we include all the relevant arguments even if they are not new.
The extension
Let X be a variety over a field k. Denote by D(QCoh(X)) the unbounded derived category of quasi-coherent coherent sheaves, D b (Coh(X)) the bounded derived category of coherent sheaves, and D perf (X) the smallest triangulated subcategory of D(QCoh(X)) containing all locally-free coherent sheaves.
In [2] , the authors prove the following result. We say that a projective variety X is Gorenstein if the dualising complex f ! O Spec k is a quasi-isomorphic to a shift of an invertible sheaf. We will denote this invertible sheaf by ω X and call it the canonical bundle. This implies that
Our goal is to prove the following extension. [1] .
When studying derived categories associated to a variety, much of the focus has been concentrated upon D b (Coh(X)). In this paper, we want to look at D(QCoh(X)) and categories like it. By this, we mean we wish to look at a klinear triangulated categories T possessing all small coproducts and having one other very nice property. An object C of T is called compact if for any small coproduct i∈I F i the natural map i∈I
is an bijection. We informally say that Hom T (C, −) commutes with coproducts. Given a subcategory S of T let
We say that T is compactly generated if (T c ) ⊥ is zero. The notation T will mean a compactly-generated triangulated category unless explicitly specified.
For a projective variety X, we wish to give a more intrinsic characterisation of
Closely related are functors φ : (T c )
• → mod k which are take triangles to long exact sequences and satisfy the following condition.
We call such a functor a locally-finite cohomological functor. Proof. We follow [4] . Given such a functor F : (T c ) ∨ → mod k, we let D denote the duality functor on mod k. So, D(V ) is just V * . Then, there is a canonical extension of D • F to a functor G : T → Mod k called the Kan extension. We take G(X) to be the colimit of G(C) over all maps from compact objects C → X. This takes triangles to long exact sequences and coproducts to coproducts. Applying D again, we can use Brown representability to deduce that D•G is representable by an object of T . The restriction of
2 cancels out. Similarly, we can represent any natural transformation of lf-functors by a morphism of between their representing objects.
We can rephrase this as follows. The inclusion T c ֒→ T induces a restricted Yoneda functor.
The previous result says that the restricted Yoneda functor from (T c ) ∨ to the subcategory of lf-functors is full and essentially surjective. Note that the restricted Yoneda functor is not full. faithful, or essentially surjective in general. In the case of the affine plane, it is not [4] . Now, we turn to the question of where it is faithful. A morphism that lies in the kernel of the restricted Yoneda functor is called a phantom map. Proof. We are motivated by lemma 4.4 in [5] where the authors construct the weakly initial phantom map from M . We can take a bounded below locally-free coherent resolution F of M and let F i denote the brutal truncation of F at the negative i-th step. Each F i lies in D perf (X). Any map from M to a bounded below complex can be represented by an honest chain map from F to a bounded below complex of injectives. Since one complex is bounded above and the other is bounded below, the map must factor through some F i . The restriction to F i is null-homotopic if and only if the original map is null-homotopic since any homotopy must also factor through F i . Thus, induced map from F i is zero if and only if the original map is zero.
Corollary 5. If X is a projective variety, then D b (Coh(X)) essentially surjects onto the category of locally-finite cohomological functors via the restricted Yoneda functor.
Proof. The first statement has already been established. The second is in the appendix of [3] . First, consider the case of P N k . Let φ be a locally-finite cohomological functor on
It is represented by a complex N . There is an equivalence between D(QCoh(P 
In view of this result, it makes sense to call
∨ is equivalent to its image under the restricted Yoneda functor, then we shall say that T possesses lf-duality. The following is a trivial but useful consequence of lf-duality.
Lemma 6. If T andT possess lf-duality, any functor
∨ for which there are natural isomorphisms
If T does not possess lf-duality, F ∨ a priori acts on locally-finite functors but, we can lift it using the Kan extension. Since one can reconstruct any object of T via its restriction to T c via homotopy colimits, the lift of F ∨ still possesses some nice properties.
Another important ingredient in the original proof by Bondal and Orlov is the Serre functor. Recall that an auto-functor S : S → S is called a weak Serre functor if there are natural isomorphisms (Hom S (A, B) )
for all A and B in S. If S is an equivalence, then it is called a Serre functor. In the case where S = T c , we shall sometimes abuse notation and say that T possesses a (weak) Serre functor.
We want to consider a slight generalisation of the notion of a Serre functor. Let
If R F exists, it is unique. In particular, if S equals S ′ and F is the identity, then R F is a weak Serre functor for S.
Lemma 7. Let F be a functor from S to T . If T is compactly generated and the essential image of F lies in
Proof. This follows from Brown representability.
The following is a simple calculation. The final statement is from [8] . Recall that X is Gorenstein if X is projective and f ! O Spec k is quasi-isomorphic to the shift of an invertible sheaf. In this case, we have a Serre functor on D perf (X). Let X be a variety with the property that D perf (X) is contained D perf (X) ∨ . We say such an X is weakly Gorenstein if R X lands in D perf (X) and almost Gorenstein if R X is an auto-equivalence of D perf (X). X is weakly Gorenstein if and only if D perf (X) possesses a weak Serre functor and X is almost Gorenstein if and only if D perf (X) possesses a Serre functor.
Remark 9. The definition of Gorenstein is not manifestly invariant under a "change of categories." By this we mean the following: if two varieties have equivalent perfect derived categories, then it is not a priori true that one is Gorenstein if and only if the other is. However, the notions of weakly and almost Gorenstein are invariant under change of categories. It seems probable that almost Gorenstein is equivalent to Gorenstein when X is projective but, this is beyond the scope of this note.
Assume that T possesses a weak Serre functor S. Recall that we can define the dual
∨ even without lf-duality. We shall use this to characterize point objects a'la [2] .
Definition 10. An point object P of codimension d of T c is a locally-finite cohomological functor on T
c , which satisfies the following conditions
Lemma 11. Let X be a projective Gorenstein variety. Then, any point object must have codimension dim k X.
Proof. From our assumptions, we can apply lf-duality. By uniqueness,
. Let H i denote the cohomology sheaves of P . Since P has bounded cohomology and ω X ⊗ OX H i ∼ = H i−d+dim k X , either P is quasi-isomorphic to zero (and is not a point object) or d = dim k X.
Lemma 12. Let X be a projective Gorenstein variety over a field k with ample or anti-ample canonical bundle. Then, an object of P of D(QCoh(X)) is a point object if and only if P is isomorphic to
Proof. We shall follow the proof in [6] . Note that shifts of points are point objects of codimension dim k X. Since
X ⊗ OX P is quasi-isomorphic to P . Let H i denote the cohomology sheaves of P . Because ω X is ample (or anti-ample) and ω X ⊗ OX H i ∼ = H i , H i has zero dimensional support. We can resolve P using direct sums of injective sheaves each of whose support is contained within an irreducible component of the support of the cohomology sheaves of P . Since any map between two coherent sheaves with disjoint support is zero, we get a splitting of P into complexes supported at single points. Since Hom D(QCoh(X) (P, P ) equals k(P ), all summands but one must be quasi-isomorphic to zero. Assume P has cohomology supported only a single point of X. Let m 0 be the minimal i so that H i is nonzero and m 1 the maximal i so that H i is nonzero. By truncating, we can assume that P is zero outside Definition 13. An object L of T is an locally-free object if it lies in T c and if there exists a t ∈ Z and n > 0 so that for any point object Proof. We can replace L with a bounded complex of locally-free coherent sheaves, also denoted by L, and compute Hom
). We need a lemma.
Lemma 15. Let X be a variety over k. Let P be a bounded complex of locally-free coherent sheaves.
n (in degree zero) for all closed points p in X. Then, P is quasi-isomorphic to a locally-free sheaf of rank n.
Proof. Since X is reduced and the closed points are dense in X, for any nonzero coherent sheaf H, H⊗ OX O p must be nonzero for some closed point p ∈ X. Consider the cohomology sheaves of P , H i . If H i ⊗ OX O p is not zero, it must contribute to the i-th cohomology of P ⊗ OX O p . Thus, we see that P has cohomology concentrated in degree zero. P is therefore quasi-isomorphic to a coherent sheaf, which admits a bounded locally-free resolution. One simply truncates to give the following.
ker d 0 is locally-free since it admits a bounded above locally-free resolution. So, without loss of generality, we can replace P by a bounded complex of locally-free coherent sheaves that is exact except at the right end. Let P 0 denote ker d 0 . We want to compute
Since H 0 has constant rank at all closed points in X it must be locally-free of rank n. Since L ∨ is quasi-isomorphic to an invertible sheaf, so is L. Now we move onto the proof of proposition 2.
Proof. (of 2) This proceeds almost exactly as in [2] . We shall denote the common isomorphic graded category by D. STEP 1 Let us denote the category of point objects of Z as P(Z). From lemma 12, we know there is a bijection between shifts of closed points of X and objects of P(X). From our assumption we have a equivalence between P(X) and P(Y ) and there in inclusion of the shifts of points on Y into P(Y ). The category P(X) satisfies the following condition: if P and Q are objects, then either P is isomorphic to a shift of Q or Hom D(QCoh(X)) (P, Q[j]) is zero for all integers j. If N is a point object in Y , then it is represented by a bounded complex of quasi-coherent sheaves [8] . N is not isomorphic to a shift a point under the restricted Yoneda functor if and only if it is not isomorphic to a shift a point in D(QCoh(Y )). If N is nonzero, then let m be the largest integer for which the m-th cohomology sheaf is nonzero. There must be a nonzero map in Hom D(QCoh(Y )) (N, O y [−m]). We can assume that N is zero above m. Then, these morphisms are in bijection with the morphisms from H m (N ) to O p as sheaves. The map from some coherent subsheaf of E m must be nonzero. We can choose a surjection from a locally-free coherent sheaf onto that subsheaf of E m . The resulting composition with N → O p [−m] is then nonzero. Thus, N must be a shift of a point. So all point objects of Y are shifts of points. STEP 2 Since both X and Y satisfy the assumptions of lemma 14, we know that the only locally-free objects are shifts of locally-free sheaves. In particular, locally-free coherent sheaves of rank n are in bijection. STEP 3 Choose an invertible object L 0 corresponding to an invertible sheaf on X. By shifting, we can assume our equivalence takes L 0 to a complex quasi-isomorphic to an invertible sheaf on Y . Let us denote the image by L 0 also. Now the set of point objects P so that Hom D(QCoh(X)) (L 0 , P ) is k(P ) is in bijection with the set of closed points of X. Denote this set by p D . Similarly, p D is in bijection with the closed points of Y . This gives us a bijection between the closed points of X and Y . STEP 4 Let l D denote the set of locally-free objects L in D so that Hom D (L, P ) is isomorphic to k(P ) n for some n and for all P in p D . l D is in bijection with the set of locally-free sheaves on X and the set of locally-free sheaves on P ) is zero. Since X and Y possess enough locally-free coherent sheaves, we know the open sets U α in X and Y form a basis for the topologies of X and Y . Thus, our identification of points is a homeomorphism. In particular, the dimensions of X and Y must coincide. Record this common dimension as d. Let L be a line bundle on an algebraic variety V . U α for α in Hom D(QCoh(V )) (L ⊗i , L ⊗j ) form a basis for the topology of V if and only if L is ample [7] . We see that our equivalence takes ample invertible sheaves to ample invertible sheaves. Thus, Y is also projective. STEP 5 We can twist our equivalence by an invertible sheaf and assume that the structure sheaf of X is sent to the structure sheaf of Y . Then, from the naturality of the Serre functor, ω X [d] is sent to the dualising complex of Y . The dualising complex of Y must therefore be a shift of an invertible sheaf. Consequently, Y is Gorenstein. STEP 6 Set L i equal to S i L 0 [−di]. For each pair (i, j) we have natural isomorphisms
This provides the structure of a graded ring for A = [2] .
